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Thermal force induced by the presence of a particle near a solidifying interface
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The presence of a foreign particle in the melt, ahead of a solid-liquid interface, leads to the onset of
interfacial deformations if the thermal conductivity of the parti&lg, differs from that of the melt, . In this
paper, the influence of the thermal conductivity contrast on the interaction between the solidifying interface
and the particle is quantified. We show that the interface distortion gives rise to a thermal force whose
expression is given bl =27LGa’(1— a)/(2+ a)T,,, whereL is the latent heat of fusion per unit volume,
T is the melting pointa is the particle’s radiusG the thermal gradient in the liquid phase ané k,/k; . The
derivation makes use of the following assumptiofisthe particle is small compared to the horizontal extent
of the interface(ii) the particle is placed in the near proximity of the deformable solid-liquid interface(jiiand
the interface is practically immobile in the calculation of the thermal field, Ve<k,G/L, whereV is the
interface growth velocity. An order of magnitude analysis shows that the magnitude of the thermal force may
be greater than that of the forces that are usually accounted for in studies of particle-interface interaction,
namely, the drag force and the force due to the disjoining pressure. The inclusion of the thermal force in the
overall force balance is found to modify the value of the growth rate at which equilibrium is attained. The
analysis leads to the prediction that the growth rate at equilibrium is increased for particles with a low thermal
conductivity and is decreased for particles with a high thermal conductivity. The derivation of the thermal force
is preceded by a detailed analysis of the influence of the thermal conductance contrast on the interface profile.
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[. INTRODUCTION on the morphology of the interface in the vicinity of a for-
eign particle. They apply an interface condition that includes
An understanding of the interaction between a foreignthe undercooling effects due to curvature, disjoining pres-
particle and a solidifying interface is important due to itssure, and lubrication pressure. On imposing that the interface
occurrence in numerous natural and practical processdémperature conforms to the isotherm corresponding to the
[1-4]. One of the most important industrial application is in Melting point of the pure substance, a second-order differen-
casting wherein solid inclusions are mixed with the melt totial equation for the interface shape is derived and solved.
improve the material properties of the final cast product, astiowever, Sasikumar, Ramamohan, and [R&] and Casses
for instance, in the manufacture of metal matrix compositesand Azouni[17] use a leading order expression for the tem-
The microstructural homogeneity of these composite materiperature that does not satisfy the heat equation in the cylin-
als depends on the final distribution of the inclusions which drical geometry and does not even have the proper power of
in turn, depends on the behavior of the particles at the movthe coordinateg andr as eitherz or r —. Sasikumar and
ing solid-liquid interface. Experiments and mathematicalRamamohari18] correct their paper, but unfortunately they
models have demonstrated that the moving interface eithe}o not present an in depth analysis of the front's profile.
pushes or engulfes the particles. Although considerable In this paper, we study the effect of the thermal conduc-
progress has been made in understanding this phenomendivjty of a particle on the solid-liquid morphology. An ap-
its quantification in terms of the material and processing paProach similar to that used by Casses and Az and
rameters is still poorly understood. We refer the reader té>asikumar, Ramamohan, and PE§] is followed to derive a
Refs.[5—7] for a review of the problem. boundary-value problem for the interface shape. Our analysis
The influence of the thermal gradient on the shape of théeveals two new resultsi) The gap separation at the origin
solid-liquid interface has been investigated theoretically byls determined as a function of other material parameters
Chernov, Temkin, and Mel'nikovf8], Paschke and Rogge When the thermal conductivity difference is the sole source
[9], Shangguan, Ahuja, and Stefaneddl, and Kim and for interface deformation(ii) an expression for a thermal
Rohatgi[10], and experimentally by Zubko, Lobanov, and force is derived. This thermal force owes its exitence to the
Nikonova[11], Stefanescet al.[12], Pang, Stefanescu, and difference in thermal conductivities between the particle and
Dhindaw [13], Ahuja, Stefanescu, and Dhinda\4], and  the melt. We show that this force is significant and must be
Stefanesciet al. [15]. These studies have included the roleincluded in any force balance when studying particle-
of the particle’s thermal conductivity on the maximum interface interaction.
growth rate at which the particles are pushed by the inter-
face. S_a5|kqmar, _Ramamohan, and A& and Casses and Il. MATHEMATICAL FORMULATION
Azouni[17] investigated the influence of the thermal effects
Consider a spherical particle of radiasnd thermal con-
ductivity k, . As shown in the schematic diagram Fig. 1, the
*Email address: Ihadji@euler.math.ua.edu particle is placed in the melt a distanbg from the planar
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where AT, is the curvature undercooling given by the
Gibbs-Thomson formula

Particle
OsiTm
ATeun=— L K, 5
Liquid phase and where( is the curvature of the interfadpositive when

h the center of curvature lies in the solid phaaad oy is the
surface energy. Far away from the interface, the temperature
Planar interface gradient in the liquid phase is maintainedGt

Va | JT

E:G' as z—o, (6)

Deformed

interface

Solid phase IIl. INTERFACE PROFILE

On the understanding théi) the particle is small com-
o pared to the horizontal extent of the solid-liquid interface,
FIG. 1. Sketch of a deformed solid-liquid interface near a par—(ii) the particle is placed in the near proximity of the front,

ticle of radiusa; h.. is the distance between the lowest point of the and (iii) the solid-liquid interface is deformable, we have
particle’s surface and the planar interface dmds the amount of from Egs.(1)—(6) '

interfacial distortion at the origin.
a—1 z—(h,+a)
solid-liquid interface. We suppose th@t the particle is neu-  T(r,z)=T,+Gz—-Ga® 57 — 293
. ; : o al[{z—(h,+a)}+r7]

trally buoyant,(ii) there is no change in heat conductivities @
upon solidification, andiii) the interface growth rate is low
enough that the solid front-particle system can be considereiherea=k,/k; is the ratio of the particle’s thermal conduc-
immobile in the determination of the thermal field. This re-tivity to that of the melt. This solution assumes that the in-
quires that the interface velocity satisfiesV<k/G/L, terface is deformable. For a nondeformable interface, the
wherek, is the melt’'s thermal conductivityG is the thermal  method of images must be used to fififr,z) that takes the
gradient in the melt away from the interface, ands the  valueT,, atz=0. The interface temperature is thus found by
latent heat of fusion per unit voluni&]. evaluating Eq(7) at z=0. We have

Under these assumptions, the thermal field induced by the
particle-interface interaction is described by the steady state
form of the heat conduction equations in the melt and in the
particle with the appropriate coupling at the boundaries. On
using an axisymmetric geometry with the vertical coordinateThe interface curvature is, then, obtained from Ej,
denoted byz and the radial coordinate, which is taken along
the solid-liquid interface by, we have

a—1
a+2

(h,+a)

Ti(r) =T +a%G [(h.+a) 2+ 22 (8

LGa®

Tmosl

a—1
2+«

h,.+a
[(h.+a)Z+r2 9

(1) The front’s curvature is expressed in terms of the interface

profile h(r) as

19/ aT\ &T 0
[ — —_ +_=
rorl ") T a2 T

h"(r) h'(r)
- [1+(hr)2]3/2_ r[1+(h!)2]ll2’

2
11( an) Ty

Tl o |tz 70 @ K=

(10

whereT and T, denote the temperature in the liquid phasewhere the prime notation stands for derivative with respect to
and in the particle, respectively. r. On equating Eqs(9) and (10) we obtain the following

At the particle-liquid boundary,z— (a+h.)]?+r?=a?  system of two first-order differential equations for the profile
the continuity of the temperature and of the heat flux yieldsh(r),

T=T,, V(kT-k,T,) n=0, (3) $=u
r
where n denotes the normal to the particle-melt boundary .
that is pointing into the liquid an¥ is the gradient vector. If d_v_ v 14024+ LGa’ [a—1
we neglect the kinetic and hydrodynamic effects, the solid- dr r (1+v%) Tmog | a+2
liquid interface equilibrium temperature is given [5j H
~+a
X (1+0v2)%2 . 11
Tine=Tm+ ATy, (4) ( [(hm+a)2+l’2]3/2 D
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FIG. 3. Plot ofh(r) versusr for G=30800 K/m and fora=4
(dashdotted lineand =381 (continuous ling a=10"®m and

h.,=0.2a.

FIG. 2. Plot of the interface profile(r) versus the radius (to
the left of the origin, the tick marks are shown-at along the axis
for two values ofa, namely,a#=0 (continuous ling¢ and «=0.35
(the dashdotted line The particle’s radius ig=1.0x10"®m and  (typical value for succinonitrile containing SiC particles\d
h..=0.2a. The particle’s surface is shown above the interface pro-o=4 (for comparison purposgsThe largest interface defor-
file. In order to depict the interface deformation, the vertical scale isnation is achieved with the largeatvalue. The gap thick-
chosen much smal!er than the horizontal scale, thus the nonsphefings at the origin is found to hgy=4.2x10"" m andg,
cal look of the particle’s surface. =3.1x10 " m for =381 anda=4, respectively.

. . The influence of the imposed thermal gradient on the
The above system of equations Is complemented by a SYMhorphology of the solid-liquid interface is shown in Figs. 4
metry condition at the origin, namel’(0)=0, and & 54’5 |n Fig. 4, we have fixed the value af=0.35 and
boundedness condition at infinity, namely(r)—0 asr  qngidered two values fd®, namely,G=30800 and 10 800
—oo. The latter is due to the fact that far away from the i/, The |argest deviation from the planar interface is at-
particle, the interface location remains undisturbeda0,  (5ined for the larger thermal gradient. The gap separation is
so Eq.(11) is a boundary value problem fdx(r). The sys-  ¢5,nd to be 9o=1.5x10"7 and 1.8<10° ' m for G
tem of equations is solved numerically as an initial-value_ 30 goo and 10800 K/m, respectively. Fer-1, however,

problem by using the symmetry condition and an assumeghq thermal effect has the opposite effect, i.e., while the larg-
value forh(r) at r=0. The correct value oh(0) (within

discretization erroris the one that will cause the profitgr)
to approach zero as becomes large. In our numerical ex-
periments, we havéarbitrarily) used the conditiom=0 atr

x107

equal to five particle diameters. The calculatiorh¢®) can
be made more precise by imposing thet0 at a larger
distance from the origin.

We consider the numerical solution of E41) for a par-
ticle of radiusa=10"®m, latent heat of fusion per unit vol-
umelL=4.6x10"J/n?, T,,=328K, andoy=0.03J/n. We

have investigated first the influence of the thermal conduc-

tivity ratio « on the interface morphology. We fixed the ther-
mal gradientG= 30800 K/m and considered, first, two val-
ues fora that are less than unity, namelg=0 (perfectly
insulating particle and = 0.35(typical value for succinoni-
trile with polystyrene particles Figure 2 depicts the profiles
for these cases. We observe that O is associated with the
largest distortion in the profile; and asincreases toward 1,

file height (m)

e pro

Interfac

the curvature of the interface decreases until it reaches zeru

at a=1. The gap thickness at=0 is given bygy=h.
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FIG. 4. Plot of the interface profila(r) versusr for a=0.35

—h;. We_ find go=9x10"% m for «=0 and g, and two values of the thermal gradie@ G= 10 800 (continuous
=1.5x10""m for a=0.35. Figure 3 depicts a plot of the |ine) and 30800 K/m (dash-dotted linge a=10"° m and
interface profile for a thermal conductivity ratie greater h,=0.2a. The gap separation at the origin is X507 and
than unity. Two values otx are selected, namelyy=381  1.8x10 " m for G=30800 and 10 800 K/m, respectively.
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LA ‘ ‘ . ‘ ' i ‘ TABLE |. Estimates for the drag forcEg,gq (for two values of
the growth rateV), the disjoining pressure fordepp and the ther-
mal forceFy, for the case of succinonitrile containing SiC particles
il Particle surface 1 of radius(top) a=10"°m and(bottom) a=50x 10"°m; g, is the
gap width at the origin

E 2
_'% 9o (m) Fdrag (N) Fdrag (N) FDP (N) Fth (N)
,_fg 1 V=10"*m/s V=10'm/s
g, a=10"5m
g 10°° 4.9x10°%  49x107® 1710 9.4x10°°
£, 10°° 49x10°1°  49x1077 1.7x10°"° 9.4x10°°
107 4.9x10°° 49x10°° 1.7x10°° 9.4x10°°
ol G=30800 K/m | a=50x10"%m
10°° 1.2x10°° 1.2x10°% 8.3x10 % 1.2x10°°
I S 10°° 1.2x10°®  1.2x107°  8.3x10° " 1.2x10°°
T e M sy 1077 1.9x10°7  1.2x10% 8.3x10° M 1.2x10°3

FIG. 5. Interface profilen(r) versusr for «=381 and two val-
ues of the thermal gradier®, G= 10800 (dash-dotted lineand ings are in agreement with the remarks made by Chernov
30800 K/m(continuous ling azlofsﬂ and hx=0.2a._17'he 9ap  and Temkin(Ref.[5], p. 34. Note also that the magnitude of
separation at the origin are 420" and 2.8<10°"m for  he thermal force is proportional to the factor€&)/(2
G=10800 and 30 800 K/m, respectively. + a) whose values lie betweenl and; for 0< a <. Thus
est deviation from the horizontal profile is achieved at thethel_zttriggg;;zg‘rg tr;]c;t fg;c;rr:]gg faotf(ee‘;,fedEzy(ng Vtiluoeihéefr

Iga;gesr ev;;l::tigﬁ,baér; Vi/l%ﬁiﬁi Iilftleer?;csetc; r?cri] {Egrizsrﬁélr;g'iufg.rces that act on the_particle. In a microgravity en\_/ironme.nt,
face ftis generally re_cognlzed that_ th_e outcome of the interaction
' between a particle and a solid-liquid interface depends pri-
marily on the competition between two forces: a drag force

IV. THERMAL FORCE Farag[19] that resists the motion and thus pushes the particle

In the previous section, we have analyzed the interfac@gainst the interface, and a repulsive fofegp [20] that
deformation induced by the difference in thermal conductivi-21ises as a result of the action of the disjoining pressure in
ties between the particle and the melt. The change in thi!® melt film separating the particle from the solid front.
front curvature gives rise to a pressure chamje= o4k, These forces depend on both the gap width and the particle’s
and upon using E¢9), we have rad_lus Whll_e the drag force d_epends also_on the growth ve-

locity. As in Ref.[5] to obtain rough estimates for these
LGad(1—a)(h.+a) forces, we approximate the gap profile by its value at the

= T )Tl (hot )24 1252 (12 origin. We have

This pressure change, in turn, gives rise to a fdfgegiven 6mpaVv ad
b Faag — > For~ %2, 15
y drag Jdo DP @g ( )
Fu= jo 2 Pydr. (13 wherepu is the melt's dynamic viscosity/ the growth rate of

the interface,. A the Hamaker constant, argh is the gap
The evaluation of the above equation gives width atr=0.

For comparison purposes, we consider an experimental
setup consisting of succinonitrile containing SiC particles.
The values of the physical constants are taken from
Ref. [15], namely, ©u=2.6x10 % kg/ms, a=381, G
The dependence dF,, on « is such that the force is attrac- =10800 K/m, L=4.6x10" J/m 3 and T,,=328 K. We
tive (toward the frontfor «>1 and repulsive forr<<1. Note  consider a Hamaker constadt=10"1° J and particles with
that the magnitude of the thermal forég, increases as  radii a=10 ° and 5< 10 °> m. We consider two values for
decreases if & @<1, and increases as increases ifa  the growth rate, namelyy=10 * and 10 * m/s. We obtain
>1; so a perfectly insulating particle yields the largest re-the following values(Table |) for the drag forceF g, the
pulsive force while an infinitely conducting particle yields disjoining pressure forcepp, and the thermal forc€, for
the largest attractive force. Thus, the thermal force acts ithree representative values of the gap thickmgssThe dis-
such a way as to increase the critical growth ratexrasO, played values are only order of magnitude estimates, but
and to decrease the critical growth ratenas . These find-  they give insight on the importance of the thermal force.

_2wLGa¥(l-a)

T, "
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These estimates indicate that for an SiC particle of radiusf steady state growths considered in the experiment. A mi-
10 °m, Fy, is greater in magnitude than the drag forceWor croscope was utilized to detect the behavior of the particles
as high as 1.510 'ms™!; and the balance between the at the crystallization front. The experiments showed that the
thermal force and the disjoining pressure force requires a gapature of the interaction between the particles and the crys-
thicknessgo~4x 10~ °m. This interlayer thickness is com- tallization front depends primarily on the ratio of the thermal
parable to molecular dimensions. Thus, these rough estzonductivities of the particle and the melt, i.e.,df>1 the
mates demonstrate the significance of the thermal force. Iparticle is captured and i#<1 it is rejected regardless of the
this particular case, the thermal force seems to be the maiwetting properties of the particles. These experimental find-
force determining the behavior of the particle at the solid-ings are in agreement with our predictions using the thermal
liquid interface. force. Also, a part of the experimental work of Schevezov

The above analysis has shown that two scenarios starahd Weinburd21] deals with the interaction of iron particles
out. First, in the case>1, such as in the SCN-SiC system, with a moving and planar solid-liquid interface in lead and
both Fy, and F 4,4 are attractive. Therefore, both contribute lead alloy. They observed no evidence of particle rejection
in pushing the particle against the interface and the determfor growth rates up to 3@m/sec and for particles of various
nation of the interface growth rate, when the forces are asizes. This observation contradicts other theories, which
equilibrium, requires balancingpp with Fy,q and Fy, to-  stated that small particles are rejected by the interface. This
gether and nof 4,5alone. The equilibrium of the forces, i.e., observation may be explained in terms of the thermal force,

Fpp=Faragt Fin implies since for a system consisting of lead with iron particles
a>1, the thermal force is attractive and thus pushes the
do particles against the front.
VZW(FDP_ Fin)- (16)

Thus, the inclusion of the thermal force seems to imply a VI. CONCLUDING REMARKS

decrease in the equilibrium growth rate. In the casel, Many theoretical studies have attempted to explain how
such as in the SCN-PS experimental systEgis repulsive.  the thermal conductivity of the particle affects its behavior as
If the magnitude ofFy, is greater than that oF 4,5, the it is intercepted by an advancing solid-liquid interface. Most
particle stays ahead of the moving interface and the disjoinof these studies have adopted the following approach: the
ing pressure may never enter into play. HoweveFjfhas a  thermal conductivity contrast, being a cause of the interfacial
magnitude that is smaller than that B, then the out- distortion, makes the gap separation depend on the thermal
come of the interaction will be determined from a balanceproperties of the particle and the melt. The gap width is
between the disjoining pressure force and the difference bexpproximated and the result incorporated into the formula for
tweenF g,gandFy,, i.e.,Fgag— Fin. The equilibrium condi-  the drag force, Eq(15). Finally, a modified expression for
tion implies the drag force, which now depends on the coefficients of
thermal conductivities of the particle and the melt, is derived
_ and used in the overall force balance to calculate the critical
- 6mua’ (FoptFun)- 17) velocity for particle capture. Other studies have simply con-
sideredad hocexpressions for the drag force that also in-
In this case, the inclusion of the thermal force yields a higheclude the thermal conductivities of the particle and the melt.

equilibrium growth rate. These approaches are incorrect because they yield expres-
sions for the hydrodynamic drag force that depend on the
V. COMPARISON WITH EXPERIMENT thermal properties of the particles and thus make no sense

physically. For instance, modified formulas for the drag

Numerous experiments have been carried out for the puforce have been derived, which show that the force vanishes
pose of elucidating the particle-interface phenomenon. Verwhen the particle is perfectly insulating. We refer the reader
few, however, deal with the interaction of particles with ato the recent papers by Kaptd22] and[23] and to refer-
planar interface in a microgravity environment so that com-ences therein for a thorough discussion of results obtained
parison with the predictions of the present theory can baising this approach.
performed. The experiments of Zubko, Lobanov, and Ni- In this paper, we have brought to light an expression for
konova[11] and Schevezov and Weinbuf@1] may be the the thermal force that is induced by the front’s curvature due
only two we are able to find that can provide a suitableto the thermal conductivity differendéq. (14)]. Given that
illustration of the thermal force put forth in this paper. In « differs from unity in any experimental system and given its
their investigation of the influence of the thermal conductivi- significant magnitude, the thermal force is an important fac-
ties of the particle and the melt on the capture of particles byor in any particle-interface interaction study. The calculation
crystals, Zubko, Lobanov, and NikonoYal] examined the of the critical velocity must account for three separate forces,
solidification, by the Bridgman method, of three different namely, the hydrodynamic drag force that is independent of
materials, namely, bismuth, tin, and zinc that have beemhe thermal properties of the melt and particle, the disjoining
mixed with particles of different materials such as tungstenpressure force, and the thermal force, Ef).
iron, molybdenum, nickel, chromium, or tantalum. The We have also investigated the thermal effects induced by
solid-liquid interface remained planar throughout the rangehe presence of a nondeformable particle on the shape of the
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solid-liquid interface. We have made the usual assumptiogradient increases the front’s curvature and reduces the gap
that the interface growth rate is low enough that the interfaceeparation between the interface and the particle at the ori-
can be considered immobile when calculating the thermagin. For an SCN-SIC system, the curvature of the interface
field. This immobile interface assumption is a standard approfile is found to be negative. An increase in the thermal
proximation in theoretical works that incorporate the thermalgradient is associated with an increase in the front’s curva-
effects in the analysi$4—18. Results were obtained for a tyre and an increase in the gap separation.

succinonitrile  with polystyrene particle§SCN-PS («
=0.35) and for succinonitrile with SiC particléSCN-SiQ
(a=381). We have found that for a SCN-PS system, the
curvature of the interface profile is positive, i.e., the solid
phase bulges into the liquid phase behind the particle in This work was supported by a grant from the National
agreement with previous studies. An increase in the therm#bcience FoundatiofGrant No. DMS-9700380
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